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Fmb = −ρ
∫∫
SB¯
[
1
2
∇φ · ∇φ
]
NdS
−ρ
∫∫
SB¯
[(
ξT + ξR × X
)
· ∇
(
∂φ
∂t
−
(
W − ∇Φ
)
· ∇φ
)]
NdS
−ρ ξR ×
[∫∫
SB¯
N
(
∂φ
∂t
−
(
W − ∇Φ
)
· ∇φ
)
dS
]
−ρ
∫∫
SB¯
(
H X · ∇
(
gZ − W · ∇Φ + 1
2
∇Φ · ∇Φ
))
NdS
−ρ
∫∫
SB¯
(
g (Z + zf )− W · ∇Φ + 1
2
∇Φ · ∇Φ
)
H NdS
−ρg ξR ×
∫∫
SB¯
N (ξ3 + ξ4Y − ξ5X) dS
−ρg ξR ×
∫∫
SB¯
N
(
ξT + ξR × X
)
· ∇
(
− W · ∇Φ + 1
2
∇Φ · ∇Φ
)
dS
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Mmb = −ρ
∫∫
SB¯
[(
ξT + ξR × X
)
· ∇
(
∂φ
∂t
)](
X × N
)
dS
+ρ
∫∫
SB¯
[(
ξT + ξR × X
)
· ∇
((
W − ∇Φ
)
· ∇φ
)] (
X × N
)
dS
−ρ
∫∫
SB¯
(
1
2
∇φ · ∇φ
)(
X × N
)
dS
−ρ
∫∫
SB¯
(
H X · ∇
(
gZ − W · ∇Φ + 1
2
∇Φ · ∇Φ
))(
X × N
)
dS
−ρ ξT ×
∫∫
SB¯
N
(
∂φ
∂t
−
(
W − ∇Φ
)
· ∇φ + g (ξ3 + ξ4Y − ξ5X)
)
dS
−ρ ξR ×
∫∫
SB¯
(
X × N
)(∂φ
∂t
−
(
W − ∇Φ
)
· ∇φ
)
dS
−ρ ξR ×
∫∫
SB¯
(
X × N
)
(g (ξ3 + ξ4Y − ξ5X)) dS
−ρ ξT ×
∫∫
SB¯
N
(
ξT + ξR × X
)
· ∇
(
− W · ∇Φ + 1
2
∇Φ · ∇Φ
)
dS
−ρ ξR ×
∫∫
SB¯
(
X × N
)(
ξT + ξR × X
)
· ∇
(
− W · ∇Φ
)
dS
−ρ ξR ×
∫∫
SB¯
(
X × N
)(
ξT + ξR × X
)
· ∇
(
1
2
∇Φ · ∇Φ
)
dS
−ρ
∫∫
SB¯
(
g (Z + zf )− W · ∇Φ + 1
2
∇Φ · ∇Φ
)
H
(
X × N
)
dS
−ρ ξT ×
∫∫
SB¯
(
g (Z + zf)− W · ∇Φ + 1
2
∇Φ · ∇Φ
)(
ξR × N
)
dS
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p (x) = −ρ
[
g (Z + zf)− W · ∇Φ + 1
2
∇Φ · ∇Φ
]

−ρ
[
∂φ
∂t
(
X
)
−
(
W − ∇Φ
)
· ∇φ
(
X
)
+ g (ξ3 + ξ4Y − ξ5X)
]
−ρ
[(
ξT + ξR × X
)
· ∇
(
− W · ∇Φ + 1
2
∇Φ · ∇Φ
)]
  	
  	 Υ   
 
Υ = −1
g

[
∂φ
∂t
−
(
W − ∇Φ
)
· ∇φ + g (ξ3 + Y ξ4 −Xξ5)
]
−1
g

[(
ξT + ξR × X
)
· ∇
(
− W · ∇Φ + 1
2
∇Φ · ∇Φ
)]
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Υ = ζ1 − (ξ3 + Y ξ4 −Xξ5)  
ζ1 = −1
g

[
∂φ
∂t
−
(
W − ∇Φ
)
· ∇φ
]
−1
g

[(
ξT + ξR × X
)
· ∇
(
− W · ∇Φ + 1
2
∇Φ · ∇Φ
)]
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p(z) = p0l + p
1
lZ &
p0l = −ρ
[
− W · ∇Φ(0) + 1
2
∇Φ · ∇Φ
]
−ρ
[
∂
∂t
φ(0)−
(
W − ∇Φ(0)
)
· ∇φ(0) + g (ξ3 + Y ξ4 −Xξ5)
]
−ρ
[(
ξT + ξR × X
)
· ∇
(
− W · ∇Φ(0) + 1
2
∇Φ · ∇Φ
)]
p1l = −ρ
∂
∂Z
[
− W · ∇Φ(0) + 1
2
∇Φ · ∇Φ
]
−ρ ∂
∂Z
[
∂
∂t
φ(0)−
(
W − ∇Φ(0)
)
· ∇φ(0) + g (ξ3 + Y ξ4 −Xξ5)
]
−ρ ∂
∂Z
[(
ξT + ξR × X
)
· ∇
(
− W · ∇Φ(0) + 1
2
∇Φ · ∇Φ
)]
−ρg '
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N(Z) = N(0) + Z
∂
∂Z
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Fwl =
∫
WL
∫ ζ1−(ξ3+Y ξ4−Xξ5)
0
p
n
sinα
dzdl *
=
∫
WL
∫ ζ1−(ξ3+Y ξ4−Xξ5)
0
pl0n
0 + pl0n0 + Z (pl
1n0)
sinα
dZdl
  pl = ρg (ζ1 − (ξ3 + Y ξ4 −Xξ5)) 	 pl1 = −ρg  	   
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Fwl =
∫
WL
∫ ζ1−(ξ3+Y ξ4−Xξ5)
0
[
ρg (ζ1 − (ξ3 + Y ξ4 −Xξ5)− Z)
N
sinα
]
dZdl
+
∫
WL
∫ ζ1−(ξ3+Y ξ4−Xξ5)
0
−ρ
(
− W · ∇Φ(0) + 1
2
∇Φ · ∇Φ(0)
) ξR × N
sinα
dZdl
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Fwl =
∫
Wl
1
2
ρg (ζ1 − (ξ3 + Y ξ4 −Xξ5))2
N
sinα
dl
−
∫
Wl
ρ
(
− W · ∇Φ(0) + ∇Φ · ∇Φ(0)
)
(ζ1 − (ξ3 + Y ξ4 −Xξ5))
ξR × N
sinα
dl
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.     	  	/  	  	  	0
	!  x× n 1 !+
)*
Mwl =
∫
Wl
1
2
ρg (ζ1 − (ξ3 + Y ξ4 −Xξ5))2
X × N
sinα
dl
−
∫
Wl
ρ
(
− W · ∇Φ(0)
)
(ζ1 − (ξ3 + Y ξ4 −Xξ5))
ξT × N
sinα
dl
−
∫
Wl
ρ
(
1
2
∇Φ · ∇Φ(0)
)
(ζ1 − (ξ3 + Y ξ4 −Xξ5))
ξT × N
sinα
dl
−
∫
Wl
ρ
(
− W · ∇Φ(0)
)
(ζ1 − (ξ3 + Y ξ4 −Xξ5))
ξR ×
(
X × N
)
sinα
dl
−
∫
Wl
ρ
(
1
2
∇Φ · ∇Φ(0)
)
(ζ1 − (ξ3 + Y ξ4 −Xξ5))
ξR ×
(
X × N
)
sinα
dl
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M(t) =
∫∫∫
Ω
ρV dτ  (
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d M
dt
=
∫∫∫
Ω
ρ
dV
dt
dτ +
∫∫
SΩ
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d
dt
=
∂
∂t
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d M
dt
=
∫∫∫
Ω
ρ
(
∂V
∂t
− W · ∇V
)
dτ +
∫∫
SΩ
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∂V
∂t
− W · ∇V + V · ∇V = −∇
(
p
ρ
+ gz
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d M
dt
=
∫∫∫
Ω
−∇ (p + ρgz) dτ − ρ
∫∫∫
Ω
V · ∇V dτ + ρ
∫∫
SΩ
V Unds 0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Ω
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∫∫∫
Ω
V · ∇V dτ =
∫∫
SΩ
V
∂V
∂n
ds−
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SΩ
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Ω
V · ∇V dτ =
∫∫
SΩ
V
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∂n
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d M
dt
=
∫∫∫
Ω
−∇ (p + ρgz) dτ − ρ
∫∫∫
Ω
V · ∇ (Un − Vn) dτ $
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∫∫∫
Ω
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Sd
pnds =
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WL
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−1
2
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V Vnds =
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WL
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−∞
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φ(x, y, z) = φ(x, y, 0)
cosh (Kz + KH)
cosh (KH)
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cosh (KH)
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Sd
pnds =
∫
WL
−1
2
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sinh (2KH)
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+
H
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)
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∫
WL
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+
H
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x = RT X 
n = RT N 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R = R3R2R1 $

R3 =
⎛
⎜⎝
1 0 0
0 cos (ξ4) sin (ξ4)
0 −sin (ξ4) cos (ξ4)
⎞
⎟⎠ %
R2 =
⎛
⎜⎝
cos (ξ5) 0 −sin (ξ5)
0 1 0
sin (ξ5) 0 cos (ξ5)
⎞
⎟⎠ &
R1 =
⎛
⎜⎝
cos (ξ6) sin (ξ6) 0
−sin (ξ6) cos (ξ6) 0
0 0 1
⎞
⎟⎠ '
%%
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R(1, 1) = cos ξ5 cos ξ6 
R(1, 2) = cos ξ6 sin ξ4 sin ξ5 + cos ξ4 sin ξ6 
R(1, 3) = − cos ξ4 cos ξ6 sin ξ5 + sin ξ4 sin ξ6 
R(2, 1) = − cos ξ5 sin ξ6 
R(2, 2) = cos ξ4 cos ξ6 − sin ξ4 sin ξ5 sin ξ6 
R(2, 3) = cos ξ6 sin ξ4 + cos ξ4 sin ξ5 sin ξ6 
R(3, 1) = sin ξ5  
R(3, 2) = − cos ξ5 sin ξ4 !
R(3, 3) = cos ξ4 cos ξ5 "
#
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cos (x) = 1− x
2
2

sin (x) = x 
R(1, 1) = 1− 1
2
(
ξ25 + ξ
2
6
)

R(1, 2) = ξ4ξ5 + ξ6 
R(1, 3) = −ξ5 + ξ4ξ6 
R(2, 1) = −ξ6 
R(2, 2) = 1− 1
2
(
ξ24 + ξ
2
6
)
 
R(2, 3) = ξ4 + ξ5ξ6 !
R(3, 1) = ξ5 "
R(3, 2) = −ξ4 #
R(3, 3) = 1− 1
2
(
ξ24 + ξ
2
5
)


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RT =
⎛
⎜⎝
1 0 0
0 1 0
0 0 1
⎞
⎟⎠ +
⎛
⎜⎝
0 −ξ6 ξ5
ξ6 0 −ξ4
−ξ5 ξ4 0
⎞
⎟⎠
+
⎛
⎜⎝
−1
2
(ξ25 + ξ
2
6) 0 0
ξ4ξ5 −12 (ξ24 + ξ26) 0
ξ4ξ6 ξ5ξ6 −12 (ξ24 + ξ25)
⎞
⎟⎠ 
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x = X +  ξT +  ξR × X + 2H X 

H =
1
2
⎛
⎜⎝
− (ξ25 + ξ26) 0 0
2ξ4ξ5 − (ξ24 + ξ26) 0
2ξ4ξ6 2ξ5ξ6 − (ξ24 + ξ25)
⎞
⎟⎠ 
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x = X +  ξT +  ξR × X + 2H X 
n = N +  ξR × N + 2H N 
 
 
x× n =
(
X +  ξT +  ξR × X + 2H X
)
×
(
N +  ξR × N + 2H N
)
= X × N + 
[
ξT × N +
(
ξR × X
)
× N + X ×
(
ξR × N
)]
+2
[(
H X
)
× N + X ×
(
H N
)
+ ξT ×
(
ξR × N
)]
+2
[(
ξR × X
)
×
(
ξR × N
)]
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(
ξR × X
)
× N + X ×
(
ξR × N
)
= − N ×
(
ξR × X
)
− X ×
(
N × ξR
)
= ξR ×
(
X × N
)
$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(
H X
)
× N =
[
1
2
N2
(
X3
(
ξ24 + ξ
2
5
)− (X1ξ4 + x2ξ5) ξ6)
]
i[
−N3
(
X1ξ4ξ5 +
1
2
X2
(
ξ24 + ξ
2
6
))]
i[
−1
2
N1
(
X3
(
ξ24 + ξ
2
5
)− (X1ξ4 + x2ξ5) ξ6)
]
j[
N3
1
2
X1
(
ξ24 + ξ
2
6
)]
j[
−1
2
N2X1
(
ξ25 + ξ
2
6
)
+ N1
(
X1ξ4ξ5 +
1
2
X2
(
ξ24 + ξ
2
6
))]
k

X ×
(
H N
)
=
[
−1
2
N3X2
(
ξ24 + ξ
2
5
)
+ N1ξ4 (−X3ξ5 + X2ξ6)
]
i
+
[
N2
(
X2ξ5ξ6 +
1
2
X3
(
ξ24 + ξ
2
6
))]
i
+
[
1
2
N3X1
(
ξ24 + ξ
2
5
)−N2X1ξ5ξ6
]
j
−
[
N2X1ξ5ξ6 −N1
(
X1ξ4ξ6 +
1
2
X3
(
ξ25 + ξ
2
6
))]
j
+
[
−1
2
N2X1
(
ξ24 + ξ
2
6
)
+ N1
(
X1ξ4ξ5 + X2
1
2
(
ξ25 + ξ
2
6
))]
k

(
ξR × X
)
× (ξR ×N) = ξ4 [N1 (X3ξ5 −X2ξ6) + N2 (X1ξ6 −X3ξ4)]i
+ξ4 [N3 (X2ξ4 −X1ξ5)]i
+ξ5 [N1 (X3ξ5 −X2ξ6) + N2 (X1ξ6 −X3ξ4)]j
+ξ5 [N3 (X2ξ4 −X1ξ5)]j
+ξ6 [N1 (X3ξ5 −X2ξ6) + N2 (X1ξ6 −X3ξ4)]k
+ξ6 [N3 (X2ξ4 −X1ξ5)]k
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(
H X
)
× N + X ×
(
H N
)
+
(
ξR × X
)
×
(
ξR × N
)
= H
(
X × N
)

 !
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X × N  	   	
x× n = X × N + 
[
ξT × N + ξR ×
(
X × N
)]
+2
[
H
(
X × N
)
+ ξT ×
(
ξR × N
)]
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dΨ
dt
= −gζ  !"
dζ
dt
=
∂Ψ
∂z
− 2νζ  #"
 
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ω = iν ±
[
g
√
u2 + v2 − ν2
] 1
2
 $"
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